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Why use multirate methods?

m Many dynamical systems exhibit multiple characteristic timescales.

y'=fly) = (y) + Fid(y),

y(to) = yo

m Example: Wind, temperature, and salinity in a simplified climate model
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What are multirate methods?

Integrate the slow partition with Runge—Kutta method (A{ﬁvs}, b{s}) using a stepsize H

Integrate the fast partition with Runge—Kutta method (A{”}, b{f}) using a stepsize
h=H/M
M is called the multirate ratio

Coupling information needs to be shared between slow and fast integrations.

Why use implicit method for both fast and slow dynamics?
m Adapting timesteps to accuracy requirements can improve efficiency.
m Decoupled methods simplify Newton iterations.
m Certain parts of system may slow down Newton iterations.
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Multirate Runge—Kutta

Multirate Euler

—y" 0
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Predictor-corrector multirate Runge—Kutta?

Predictor-Corrector Multirate Euler

—y" 0

—y @

—eyi® (fast prediction)
—=- Y1 (slow prediction)
—— v A (fast correction)

> 2

LSavcenco et al., A multirate time stepping strategy for parabolic PDE.
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GARK provides a theoretical foundation

m A generalized-structure additively partitioned Runge-Kutta (GARK)? method with two
partitions reads

S0} s{s}

f . f ] {7} B { :

e 0 (7)) (1000), s,
J= 1=

S0} s{s}

{s} _ {s.,f} {f} {s,s} {7} P

W o Bl () A (), ),
J= J=

A s}
Vost = vn 4 H Z; b1 U (V) 4 X; bl rled (v,
i= i=

2Sandu & Giinther, “A generalized-structure approach to additive Runge-Kutta methods”.
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GARK provides a theoretical foundation

m A generalized-structure additively partitioned Runge-Kutta (GARK)? method with two
partitions reads
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m The corresponding tableau is
Alf gy | alfss?
AT | AlesT
b]fFT b}s;T

2Sandu & Giinther, “A generalized-structure approach to additive Runge-Kutta methods”.
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GARK provides a theoretical foundation

m A generalized-structure additively partitioned Runge-Kutta (GARK)? method with two
partitions reads

ST s{s}
F 7o f ] {7} T { i
J= =

S0} s{s}
{s} _ {s.,f} {f} {s,s} {7} P
J= J=

A s}
Vost = vn 4 H Z; b1 U (V) 4 X; bl rled (v,
i= i=

m The corresponding tableau is
Alf gy | alfss?
AT | AlesT
b]fFT b}s;T

= Internal consistency: c{ft = AlFf} Ly = A{f’5}15{5} and cts} = Alsf} Ly = Als:s} 1ia

2Sandu & Giinther, “A generalized-structure approach to additive Runge-Kutta methods”.
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Multirate Runge—Kutta methods are GARK methods

Standard MrGARK3:

LA 0 Alhs.1}
mlsbT o LA AleME
LAterr o Als M} A

1 1

LT b b

3Giinther & Sandu, “Multirate generalized additive Runge Kutta methods”.

Predictor-corrector MrGARK:

A 0 .0 A
o LA ... 0 |AUsH

0 : : : .
0 1b7 LA | AU=M}
A 0 0 A

0 LT ... LpT| b7
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Challenges in developing implicit multirate methods

Order conditions grow quickly in quantity and complexity.
How can we balance the cost of solving nonlinear equations with stability?

Linear stability is surprisingly complex, and there are many open research questions.

Many results on stability are limited to particular methods.
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Challenges in developing implicit multirate methods

Order conditions grow quickly in quantity and complexity.
How can we balance the cost of solving nonlinear equations with stability?

Linear stability is surprisingly complex, and there are many open research questions.

Many results on stability are limited to particular methods.

“Stability properties of various multirate schemes have been discussed . ... However,
most of these discussions are not very detailed, nor very conclusive.” Kvarng, “Stability
of multirate Runge—Kutta schemes”
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Challenges in developing implicit multirate methods

Order conditions grow quickly in quantity and complexity.
How can we balance the cost of solving nonlinear equations with stability?

Linear stability is surprisingly complex, and there are many open research questions.

Many results on stability are limited to particular methods.

“Stability properties of various multirate schemes have been discussed . ... However,
most of these discussions are not very detailed, nor very conclusive.” Kvarng, “Stability
of multirate Runge—Kutta schemes”

“Even though the multirate scheme considered in this paper is quite simple, the stability
analysis will turn out to be complicated.” Hundsdorfer & Savcenco, “Analysis of a
Multirate Theta-method for Stiff ODEs"
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MrGARK Order Conditions

m The MrGARK order conditions follow from substituting tableau structure into GARK
order conditions.

m Assuming internal consistency, the cumulative number of order conditions is

Method ‘ Order 1 Order 2 Order 3 Order 4
Standard MrGARK* 2 4 10 36
Predictor-corrector MrGARK 2 4 9 29

m Predictor-corrector order conditions are more precise than usual technique of finding
dense output of sufficient accuracy. The third order coupling condition, for example, is

M M

_— T{f77A}

5 —E b' AUSAs ¢,
A=1

4Sarshar et al., “Design of High-Order Decoupled Multirate GARK Schemes”.
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Newton iterations

m The most computationally expensive part of implicit multirate methods
m Decoupled methods

m Implicitness only comes from base methods

= Only requires decompositions of | — h~ JU} and | — H~ Jis}

m Efficient for component partitioned problems
m Coupled methods

m Fast and slow stages solved together

m Potentially very expensive

m Practical methods require linear solves no more expensive than those of their singlerate
counterparts.

m Potential for better stability
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Scalar stability function

m We can generalize the Dahlquist test problem by

change basis*

y = F )+ (y) e gy i)y, y = Ayt

5Gear & Wells, “Multirate linear multistep methods” .
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Scalar stability function
m We can generalize the Dahlquist test problem by

y = () +Flhy) ZEE o g iy

= *Only if JU(y) and Ji}(y) are simultaneously triangularizable

m *Multirate stability is not invariant under change of basis®.

5Gear & Wells, “Multirate linear multistep methods” .

change basis*
—_>

y = Ay alsty,

: 5 : Steven Roberts Stability Analysis. [10/26]
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Scalar stability function

m We can generalize the Dahlquist test problem by

Y = F () fFleh(y)  fnearize s i) ey, changebasst s g0,

*Only if JUF(y) and Ji}(y) are simultaneously triangularizable

*Multirate stability is not invariant under change of basis®.

Applying the scalar test problem yields a stability function Ry(z{f}, z{}) with
U = AT} and Zs} = gals),
Stability criteria

= A-Stability: [Ri(z17}, z{5})| <1 for all 2}, 205} e C

m L-Stability: A-stability and Ry(oc0,z{%}) = Ry(z{},00) = 0

m A(«)- and L(«a)-stability: A 4D wedge fits in stability region

5Gear & Wells, “Multirate linear multistep methods”.
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2D stability function

m At least two variables are needed for a component partitioned test problem:

y WA e [y
Y| T A | [
|

A

: 5 : Steven Roberts Stability Analysis. [11/26] t’ z;
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2D stability function

m At least two variables are needed for a component partitioned test problem:

y WA e [y
Y| T A | [
A

m Applying the scalar test problem yields a stability function Ry(Z) € C2*? with Z = HA.
m Stability criteria

m A-Stability: R,(Z) power bounded for all Z exponentially bounded with zt1} z{s} ¢ C~
m Many have restricted the problem to real entries to simplify analysis.
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Even more ways to assess stability

m Others have looked at block test problems:
yB A EE Ty
ylsb| T HEUE AlsH] | ylsh ]

m Algebraic stability: If f{7 and 715} are dissipative, then ||yo+1 — Varll < lyn — all-

= How do the stability criteria compare?
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Our findings on stability analysis

m E-Polynomial can be generalized for scalar test problem

: 5 : Steven Roberts Stability Analysis. [13/26] xz
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Our findings on stability analysis

m E-Polynomial can be generalized for scalar test problem

m The scalar and 2D stability functions are related:

2D
Ry <Z{f},z{5}> = [1 1] R2<|:§{5} j{s}:|> |:1 gOl:| ‘

: 5 : Steven Roberts Stability Analysis. [13/26]
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Our findings on stability analysis

m E-Polynomial can be generalized for scalar test problem
m The scalar and 2D stability functions are related:

2D
Ry <Z{f},z{5}> = [1 1] R2<|:§{5} j{s}:|> |:1 gOl:| ‘

Theorem

If a GARK method is A-stable with respect to the 2D test problem, then it is A-stable with
respect to the scalar test problem.

: 5 : Steven Roberts Stability Analysis. [13/26] t’ z;
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Our findings on stability analysis

m E-Polynomial can be generalized for scalar test problem

m The scalar and 2D stability functions are related:
i i
{fir Ast) = z z a
Ry(z0,204) = 1 1] R2<[Z{s} Z{S}D [1_a] :

Theorem

If a GARK method is A-stable with respect to the 2D test problem, then it is A-stable with
respect to the scalar test problem.

Theorem
A decoupled GARK method is conditionally stable for the real 2D test problem.

: 5 : Steven Roberts Stability Analysis. [13/26] xz
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GARK stability hierarchy

2D A-stability =——= Real 2D A-stability

T

Algebraic stability === Scalar A-stability =——= Scalar A(«a)-stability

P

Scalar L-stability == Scalar L(«)-stability

m In general, no implication arrows are reversible.
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New general stability function for predictor-corrector MrGARK

m Using the particular structure of predictor-corrector coupling, we found the scalar stability
function is

M A=1

{1\ M {1} {4y \~tm™ {Fr\M—*
Ri(z11F,2001) = R<ZM ) + 28} (bT+ ZTbT (sts -z A) > R<ZM ) A“’“”) Rint(2),
with z = 2Tt + Z{s},

m If R(c0) = 0 for the base method, then the condition

AUsAY A=17 =

ensures Rl(oo,z{f’}) =0.
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First order multirate methods

m Many coupling structures have been explored.
m Surprising stability limitation:
Theorem

An internally consistent MrGARK method of order exactly one has conditional scalar stability
for all but a finite number of multirate ratios.
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Higher order multirate methods

m We found a decoupled multirate midpoint method that preserves the algebraic stability,
symmetry, and symplecticity of the midpoint method.

m New predictor-corrector up to order four that are close to scalar L-stable:
Method | M=2 M=3 M=4 M=8 M=16 M=32
SDIRK 2 | 84.6° 83.5° 83.2° 83.0° 83.0° 83.0°

SDIRK 3 | 88.6° 87.8° 87.3° 86.9° 86.8° 86.8°
SDIRK 4 | 81.7° 81.2° 81.2° 81.2° 81.2° 81.2°

Table: Scalar L(«)-stability for new predictor-corrector MrGARK methods.

m Internal consistency seems to inhibit stability.

@D Steven Roberts Method Derivation. [17/26] v z
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The Gray-Scott model
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Gray—Scott convergence test
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Inverter chain: a classic multirate test problem

Uj,[ = Uop - Ul - g(UI'na Ula UO)a
Uj = Uop — Ui — g(Ui_1, U;, Up), I=2,...m,

1

g(Ug, Up, Us) = (max(Ug — Us — Ut,0))? — (max(Ug — Up — Ur,0))?

Inverter Chain

: 5 : Steven Roberts Numerical Experiments. [20/26] t’ z;
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Setup for inverter chain performance results

m Dynamic partitioning is used to select fast parts of circuit
m Performance depends heavily on implementation details

m Linear solver

Stage value predictor
Newton tolerances
Programming language

m Work is measured by accumulating the dimension of each linear solve performed across
integration.
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SciCADE 2019 # csl.cs.vt.edu VIRGINIA TEC



csl.cs.vt.edu

Inverter chain performance results
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Conclusions

m Linear stability is surprisingly challenging for multirate methods.
m GARK provides overarching framework to analyze multirate Runge—Kutta methods.

m Order conditions
m Stability

m We derive general stability results and fundamental stability limitations.

m New methods are derived up to order four.
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Questions?

m Slides available at https://steven-roberts.github.io/
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Disclaimer

This document was prepared as an account of work sponsored by an agency of the United States
government. Neither the United States government nor Lawrence Livermore National Security, LLC, nor
any of their employees makes any warranty, expressed or implied, or assumes any legal liability or
responsibility for the accuracy, completeness, or usefulness of any information, apparatus, product, or
process disclosed, or represents that its use would not infringe privately owned rights. Reference herein
to any specific commercial product, process, or service by trade name, trademark, manufacturer, or
otherwise does not necessarily constitute or imply its endorsement, recommendation, or favoring by the
United States government or Lawrence Livermore National Security, LLC. The views and opinions of
authors expressed herein do not necessarily state or reflect those of the United States government or
Lawrence Livermore National Security, LLC, and shall not be used for advertising or product
endorsement purposes.
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